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Abstract
Incompressible flows of an ideal two-dimensional fluid on a closed, orientable
surface with positive genus are studied. Linear stability of the harmonic, i.e.
irrotational and incompressible, solutions to the Euler equations is shown
using the Hodge-Helmholtz decomposition. We also demonstrate that any
surface Euler flow is stable with respect to small harmonic velocity pertur-
bations.
Keywords: Surface Euler equations; Hodge-Helmholtz decomposition;
Stability of flows on manifolds, Harmonic vector fields.
1. Introduction
Recently there has been a growing interest in the modeling of thin fluid
flows along curvilinear surfaces. Applications include fluidic film dynamics,
interfacial transport in multiphase bulk flows and biomembrane mechanics.
Apart from the practical relevance, mathematical modeling of surface flows
reveals many intriguing theoretical issues to address.
In this paper, we are concerned with the question of stability of flows of
a perfect, incompressible fluid along a stationary, closed, orientable surface.
In particular, we investigate how the absence of a boundary and the surface
genus affect the stability of solutions to the Euler equations posed on a two-
dimensional manifold. The interest was motivated by the analysis in [1],
where the role of multi-connectedness of a manifold was considered for a
generalized convection-diffusion equation on differential forms.
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Over past decades, stability studies of two-dimensional flows in curvi-
linear domains have received less attention than the studies of their planar
counterparts. The finite-amplitude stability of some spherical flows of a per-
fect fluid was studied, for example, in [2], where stream-function velocity
representation was used. In [3] a variational stability criterion for steady
Euler flows on manifolds was derived; however, in [4], II-4.8, it is mentioned
that the case of manifolds without boundary is excluded from the scope of
applicability of the criterion.
Surfaces with positive genus have ”handles” and admit divergence-free
and curl-free, i.e. harmonic, vector fields. Harmonic velocity fields generate
incompressible and irrotational flows, which are essential to theoretical fluid
mechanics. Since the Euler equation posed on a closed surface does not
assume boundary conditions, all harmonic vector fields are solutions to this
equation (see Section 5), which potentially may drive the surface Euler flows
to be unstable. It is worth noting that a harmonic vector field on a closed
surface cannot be represented neither by the gradient of a potential function
nor by the skew-gradient of a stream function.
We briefly discuss some approaches to study stability of solutions of the
surface Euler equations from the viewpoint of their applicability to the case
of harmonic vector fields.
The first approach is based on a special variational principle, for which
Arnold [3] proposed a sufficient condition for the nonlinear Eulerian stability
of steady solutions to the incompressible Euler equations. It was proven that
a steady Euler flow on a manifold is the conditional extremum of the energy
functional E =
∫
M
v ·v dS/2 restricted to isovortical1 incompressible velocity
fields.
Isovortical vector fields form an infinite-dimensional sheet in the space
of all incompressible vector fields. A time-dependent solution to the Euler
equations stays in the same sheet over all times. Also, kinetic energy is
conserved by the Euler equations; hence, the solution remains within the
1 Vector fields v1 and v2 are called isovortical if there exists an area-preserving diffeo-
morphism Z such that ∫
C
v1 =
∫
Z(C)
v2 (1)
for any closed contour C. For example, instantaneous velocity fields of a time-dependent
solution to the incompressible Euler equations are isovortical according to Kelvin’s circu-
lation theorem.
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intersection of the isovorticity sheet and the level set of energy. Topology of
the intersections governs the evolution of small perturbations.
Arnold showed that sign-definiteness of the second variation of the energy
functional restricted to izovorticed fields along the intersection is sufficient
for the (Eulerian) stability. Informally speaking, perturbations of the initial
velocity in normal to the sheet direction should bring the system to a parallel
sheet with the same topology of intersections, and the identical stability
conclusion is derived, provided some regularity of the energy functional.
Let us try to apply this variational approach to steady harmonic vector
field. What are the velocity fields that are isovortical to a harmonic vector
field? If one considers a contractible closed contour C, then all harmonic
vector fields have zero circulation over it due to the Stokes theorem. However,
on a surface with genus s there are 2s cycles Ci that cannot be continuously
deformed into each other, thus creating equivalency relation on the set of
cycles. An area-preserving diffeomorphism leaves a cycle in the same class of
equivalency, and the circulations of a harmonic vector field over equivalent
cycles are equal.
Remark 1.1. For a harmonic vector field γ one computes the circulations
li =
∫
Ci
γ. If two harmonic vector fields, γ and γ˜, are isovortical, then li=l˜i
for all i. It turns out that the notion of isovorticity is very stiff on harmonic
vector fields, and one misses multiple perturbations, including nonharmonic
ones, that are not isovortical to the steady state under consideration.
In the paper of Sadun and Vishik [5], it was proved that for a steady
Euler flow on n-dimensional manifold, n ≥ 3, the second variation of energy
is sign-indefinite and unbounded, unless the steady state is harmonic. In the
case of harmonic steady state, the second variation of energy is zero for any
dimension, and the variational setup is inconclusive. Surprisingly enough,
Killing vector fields, which represent continuous symmetries of the manifold,
and are always solutions to the Euler equations, were not excluded from the
main theorem of [5]; i.e. the second variation of energy is sign-indefinite on
Killing vectors. We also address this question in Section 3.
A conceptually different, geometrical framework was pioneered by Moreau
in [6]. Later, Arnold in [7] associated Lagrangian stability (instability) of a
steady flow of a perfect fluid on a manifoldM with convergence (divergence)
of geodesics on the Lie group Dµ(M) of volume-preserving diffeomorphisms
of the manifold M.
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The concept of Lagrangian stability differs from the concept Eulerian sta-
bility in the same way that Lagrangian description of material flows differs
form the Eulerian one: it studies the deviation of initially close fluid parcels
rather than the evolution of velocity fields over time. Preston in [8] showed
that Lagrangian and Eulerian perturbations grow both at most polynomi-
ally or both exponentially in time, and provided a counterexample showing
that negative curvature of Dµ(M) does not imply exponential instability.
Remarkably, it was shown in [9] that the curvature operator along a Killing
vector is nonnegative for any n-manifold, n ≥ 2.
Remark 1.2. One typically studies the Lagrangian stability by investigating
the Jacobi equation that governs deviation of geodesics on Dµ(M) and needs
to compute the curvature tensor along the geodesic in the group of area-
preserving diffeomorphisms. There are many expressions for the curvature
operator of Dµ(M), but in the infinite-dimensional case the positiveness of
the curvature operator does not imply stability of the steady flow [10].
Lukatskii in [11] derived the curvature tensor of Dµ(M), M is a compact
two-dimensional manifold, in the basis of the eigenvectors of the Laplace
operator. It follows from [11] that the sectional curvature, defined by any
two harmonic vectors, is nonpositive. However, in Section 6, it is shown that
a harmonic vector field is at most linearly unstable solution to the Euler
equations.
Another common tool for the stability analysis of fluid motion is lineariza-
tion of the system around a given solution. The linearized Euler equations
control the evolution of small velocity and pressure perturbations, and the
stability is associated with the boundness of perturbations for all times in
some norm.
There are results on the exponential growth of local perturbations of the
steady Euler flows. The existence of stagnation points, i.e. points with zero
value of velocity, for a steady flow is associated with exponential instability
due to the growth of rapidly oscillating initial data. In [12] it is shown that a
three-dimensional steady flow with hyperbolic2 point is unstable. The same
is stated for an n-dimensional manifold in [4], V-1.7.
2A stagnation point is called hyperbolic if the Jacobian has at least one positive eigen-
value.
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On a closed surface of genus greater than one, any vector field has stag-
nation points, according to the Poincare´-Hopf theorem. Moreover, harmonic
vector fields have isolated stagnation points only, and all of them are hyper-
bolic. However, we will further show that any harmonic vector field is at
most a linearly L2-unstable Euler flow.
In this paper, we study linear perturbations of solutions to the Euler
equations on an arbitrary closed surface (Section 2) by means of exterior
calculus and Hodge-Helmholtz decomposition (Section 4). In addition to
showing the slow instability of harmonic solutions (Section 6), we prove that
any Euler flow is stable with respect to harmonic perturbations (Section 7).
2. Euler equations on a two-dimensional manifold
Let (M2, g) be a compact connected orientable two-dimensional Rieman-
nian manifold without boundary. There exist [13] a smooth velocity vector
field v and a smooth static pressure function ps on M such that, for suffi-
ciently smooth vector fields F and v0 on M, the following Euler equations
are satisfied:
vt +∇vv +∇ps = F ,
div v = 0 , v
∣∣
t=0
= v0 ,
(2)
where ∇ is Levi-Civita connection. Having chosen volume form µ associated
with g, one defines linear Hodge operator ⋆, Hodge inner product 〈., .〉, and
codifferential δ.
Proposition 2.1. Let f be a function, α, β be covector fields. Consider η,
a skew-symmetric bilinear form defined on M2 equipped with a volume form
µ. Hodge star operator maps vectors to vectors, functions to bilinear forms
and vice versa, and the following properties hold true [14]:
⋆⋆f = f
⋆⋆α = −α
δ = − ⋆d⋆
〈α, β〉 =
∫
M
(α, β) ∧ µ
⋆µ = 1
α ∧ ⋆β = (α, β) ∧ µ
〈δα, β〉 = 〈α, dβ〉
〈f, ⋆η〉 =
∫
M
f ∧ η
The Euler equation (2) can be expressed in the dual form:
v♭t +£vv
♭ + d
(
ps − v
♭(v)/2
)
= F ♭ ,
−δv♭ = 0 , v♭
∣∣
t=0
= v♭
0
,
(3)
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where the covector field v♭ is dual to v pointwise: (v♭, u♭) = v♭(u) for all u.
Lie derivative can be expressed via interior product and exterior derivative
(Cartan formula) as follows:
£vv
♭ = ιv(⋆ ⋆ dv
♭) + dιvv
♭ = ⋆(⋆dv♭ ∧ v♭) + dιvv
♭ = ⋆dv♭ ∧ ⋆v♭ + dv♭(v) (4)
One obtains the rotational form of the dual Euler equations on a two-
dimensional manifold by substitution of (4) into (3):
v♭t + ⋆dv
♭ ∧ ⋆v♭ + dp = F ♭ ,
−δv♭ = 0 , v♭
∣∣
t=0
= v♭
0
,
(5)
where the scalar curl of vector field v, ⋆dv♭, and Bernoulli function p =
ps +
1
2
v♭(v) appear.
Remark 2.1. Taking Hodge inner product of (3) with v♭ results in the evo-
lution equation of kinetic energy E =
〈
v♭, v♭
〉
/2 of Euler flow on a closed
manifold:
Et =
〈
F ♭, v♭
〉
. (6)
3. Stability of Killing vector fields
Killing vectors fields are known to be infinitesimal generators of contin-
uous isometries of the manifold (M2, g), and are characterized by a skew-
symmetry of covariant derivative components:
∇iξj +∇jξi = 0 .
Note, that Killing fields are incompressible, ∇iξ
i = 0.
Theorem 1. A time-independent Killing vector field ξ is a L2-stable solution
to force-free Euler equation.
Proof. Euler equation, written in local coordinates, reads as follows:
ξj∇jξi +∇iq = 0 ,
−ξj∇iξj +∇iq = 0 ,
∇i(q − ξ
jξj/2) = 0 ,
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and the steady Killing vector field is a solution to the Euler equations with
the pressure q = ξjξj/2.
To show stability of a Killing velocity field, consider a time-dependent
linear perturbation of the solution v = ξ + εv˜, ps = q + εp˜s. The linearized
Euler equation for perturbations takes the following form:
(v˜i)t + ξ
j∇j v˜i + v˜
j∇jξi +∇ip˜s = 0 . (7)
Contracting (7) with v˜i and integrating over the closed surface gives us the
evolution of L2-norm, E˜ =
∫
M
v˜iv˜i/2dS, of the perturbation:
E˜t +
∫
M
v˜iξj∇j v˜idS +
∫
M
v˜iv˜j∇jξidS +
∫
M
v˜i∇ip˜sdS = 0
E˜t +
1
2
∫
M
∇j(ξ
j v˜iv˜i)dS +
1
2
∫
M
v˜iv˜j(∇jξi +∇iξj)ξidS +
∫
M
∇i(v˜
ip˜s)dS = 0
Using incompressibility of v˜, and due to the fact thatM is a manifold without
boundary, we conclude that E˜t = 0.

4. Hodge-Helmholtz formulation
In order to study Euler flows on closed surfaces we use Hodge-Helmholtz
decomposition of covector fields. Hodge theory implies that a covector field
on M can be uniquely decomposed into L2-orthogonal parts by means of
differential d and codifferential δ = − ⋆ d ⋆ :
v♭ = dφ+ δΦ + γ , (8)
where φ is a function, Φ is a two-form field, and γ is a harmonic covector
field defined on M. Since the fluid is incompressible then
0 = − divΓv = δv
♭ = δdφ+ δδΦ+ δγ = δdφ = ∆φ , (9)
where ∆ is the Hodge Laplacian. So φ is a harmonic function on the surface.
The space of all harmonic functions on a closed surface is finite-dimensional
and its dimension is equal to the first Betti number which is the number of
connected components of the surface. It follows that φ is a constant function,
and any divergence-free velocity covector field has only two parts:
v♭ = δΦ+ γ = − ⋆d⋆Φ+ γ = ⋆d (− ⋆Φ) + γ = ⋆dψ + γ , (10)
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where we introduced the stream function ψ = − ⋆Φ.
The space of all harmonic vectors γ is also finite-dimensional, and its
dimension equals the second Betti number which is the doubled number of
”handles”, or twice the genus, for a closed, oriented surface with only one
connected component.
Vorticity can be calculated via stream function ψ as follows:
ω = ⋆dv♭ = ⋆d (δΦ + γ) = δd⋆Φ = δd(−ψ) = −δdψ = −∆ψ . (11)
By substituting (10) into (5), one derives an intrinsic Hodge-Helmholtz for-
mulation of the Euler equations:
⋆dψt + γt + ω ∧ (−dψ + ⋆γ) + dp = F
♭ ,
−δdψ = ω .
(12)
Remark 4.1. The system (12) has two equations and four unknowns. The
first equation produces three separate relations after Hodge-Helmholtz decom-
position of left- and right-hand sides.
5. Harmonic vector fields
Harmonic vector fields, v♭ = γ, have zero vorticity ω, and thus correspond
to harmonic, both incompressible and irrotational, velocity fields. Only a
positive genus surface can admit harmonic vector fields. Note that the image
of a harmonic vector under Hodge star operator is harmonic again.
Theorem 2. Solution to the Euler equations on a closed surface is a har-
monic velocity field if and only if the initial condition and the external force
are curl-free.
Proof. Taking curl, ⋆d, of the first equation of (12) results in a transport
equation on a closed surface of vorticity with a production term:
ωt + ιvdω = ⋆dF
♭ , (13)
since
⋆d(ω∧ ⋆v♭) = ⋆(dω∧⋆v♭) = ⋆(v♭∧⋆dω) = −⋆ (⋆dω∧v♭) = −ιv ⋆⋆dω = ιvdω.
Vorticity is frozen into fluid and is produced by an external force only. As a
consequence, initially curl-free velocity fields remain to be so, if the external
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force is curl-free. In case of harmonic velocity fields due to action of a curl-
free force F ♭ = dΠ + G, the system (12) can be decoupled due to Hodge
orthogonality:
dp = dΠ , γt = G , (14)
and the solution with harmonic initial condition v♭(0) is given by
p(t) = Π(t) + const(t)
γ(t) = v♭(0) +
∫ t
0
G(s)ds
(15)

Corollary 1. Harmonic solutions to the Euler equations on a closed surface
due to a conservative force, F ♭ = dΠ, are always time-independent. In par-
ticular, gravitational force cannot develop a nonzero flow of perfect fluid on
a closed surface, embedded in R3, from the state of rest.
6. Stability of harmonic solutions
We study linear stability of harmonic solutions to the Euler equations
with respect to small divergence-free perturbations. A harmonic solution to
the system (12) with a curl-free external force F ♭ has the following form:
v♭ = γ0, p = p0 . (16)
Assume that the initial condition is perturbed by a vector field v˜♭(0), whose
L2-norm is characterized by asymptotically small number ε. The solution
(v♭, p) to the Euler equations with perturbed initial condition is no longer
harmonic and can possible be unstable. However, the following result can be
proved.
Theorem 3. A harmonic, not necessarily steady, Euler flow on a closed
surface is at most polynomially (linearly) unstable in L2 norm.
Proof. To prove the statement, one estimates both parts of the perturbation
v˜♭ = ⋆dψ˜ + γ˜, which can be described by asymptotic series:
ψ = 0 + εψ˜ +O(ε2) , γ = γ0 + εγ˜ +O(ε
2) , p = p0 + εp˜+O(ε
2) . (17)
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One substitutes (17) to (12) and derives first order asymptotic system due
to small parameter ε:
⋆dψ˜t + γ˜t + ω˜ ∧ ⋆γ0 + dp˜ = 0
−δdψ˜ = ω˜
(18)
The linearized system (18) governs evolution of small perturbations. By
taking ⋆d of (18) one obtains
ω˜t + ιγ0dω˜ = 0 (19)
Equation (19) is just a scalar transport equation on a manifold, and the
L2-norm of vorticity remains constant over time:
−〈ω˜, ω˜〉t = −2 〈ω˜t, ω˜〉 = 2 〈⋆(dω˜ ∧ ⋆γ0), ω˜〉 = 2
∫
M
ω˜ ∧ dω˜ ∧ ⋆γ0 =
=
∫
M
d(ω˜ ∧ ω˜) ∧ ⋆γ0 = 〈d(ω˜ ∧ ω˜), γ0〉 = 〈ω˜ ∧ ω˜, δγ0〉 = 0
(20)
Using the first smallest positive eigenvalue λmin of Hodge-Laplacian δd,
one estimates:
λmin
〈
ψ˜, ψ˜
〉
≤
〈
ψ˜, δdψ˜
〉
=
〈
ψ˜,−ω˜
〉
≤
〈
ψ˜, ψ˜
〉1
2
〈ω˜, ω˜〉
1
2 , (21)〈
ψ˜, ψ˜
〉
≤
1
λ2min
〈ω˜, ω˜〉 (22)
and the last term remains constant over time due to (20).
The evolution of the harmonic part of perturbation γ˜ needs to be treated
also. We introduce an Hodge-orthonormal basis {hi} , i ∈ [1, 2s], for the
finite-dimensional space of harmonic covector fields on a genus s surface,
then harmonic component of perturbation can be decomposed as follows
(summation over i is assumed):
γ˜ = ci(t)h
i
Taking inner product of (18) with the basis covector fields hk, k = [1, 2s],
one derives:
c˙k(t) +
〈
ω˜ ∧ ⋆γ0, h
k
〉
= 0
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c˙k(t) +
∫
M
ω˜ ∧ ⋆ γ0 ∧ ⋆h
k = 0
c˙k(t) +
∫
M
ω˜ ∧ (⋆γ0, h
k)µ = 0
Using Cauchy-Schwarz inequality, one obtains an estimate:
|c˙k(t)| ≤
(∫
M
ω˜2µ
)1/2(∫
M
(⋆γ0, h
k)2µ
)1/2
= 〈ω˜, ω˜〉
1
2
(∫
M
(⋆γ0, h
k)2µ
)1/2
,
and the last term is constant over time due to (20). 
Remark 6.1. Harmonic perturbations grow at most linearly with time. The
fastest growth occurs in direction of ⋆γ0.
7. Stability of Euler flows with respect to harmonic perturbations
Theorem 3 shows that harmonic solutions to the Euler equations on a
closed surface are slowly unstable. In this section we would like to address the
following question: is it possible that harmonic perturbations can destabilize
an Euler flow on a closed surface with positive genus?
The question is especially relevant due to the following observation. A
steady solution (⋆dψ+γ, p) to (12) is not unique if there is a harmonic vector
field γ˜ such that ω ∧ ⋆γ˜ is an exact form thus allowing an one-dimensional
space of solutions of the form (⋆dψ+γ+ γ˜, p−ω∧⋆γ˜) to exist. Note that this
space contains velocity fields with the same vorticity. Existence of the space
requires that the vorticity gradient field is collinear to a harmonic vector
field:
dω ∧ ⋆γ˜ = 0 . (23)
Remark 7.1. A steady solution to the Euler equations on a closed surface
is nonunique if the vorticity contour lines coincide with streamlines of a har-
monic vector field.
This nonuniqueness can manifest in dynamical instability. Now we are going
to study stability of an arbitrary Euler flow with respect to harmonic pertur-
bations. Consider a possibly time-dependent solution to (12) for an external
force F ♭:
ψ = ψ0 , γ = γ0 , p = p0 . (24)
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As in Theorem 3, let us perturb initial condition by a vector field, but here
we consider harmonic perturbations only: v˜♭ = γ˜. Asymptotic expansion of
the perturbed solution with respect to the small parameter ε reads as follows:
ψ = ψ0 + 0 +O(ε
2) , γ = γ0 + εγ˜ +O(ε
2) , p = p0 + εp˜+O(ε
2) . (25)
Linearization of (12) with respect to ε results in the following equation:
γ˜t + ω0 ∧ ⋆γ˜ + dp˜ = 0 . (26)
Theorem 4. Euler flows on a closed surface are L2-stable with respect to
harmonic perturbations.
Proof. We introduce a Hodge-orthonormal basis {hi} , i ∈ [1, 2s] for the
finite-dimensional space of harmonic vector fields on a genus s surface, then
the harmonic perturbation can be decomposed as follows (summation over i
is assumed):
γ˜ = ci(t)h
i .
Taking inner product of (26) with a basis vector hi results in the following
finite-dimensional system:
c˙i + cj
∫
M
ω0 ∧ ⋆ h
j ∧ ⋆hi = 0 ,
c˙i = cj
∫
M
ω0 ∧ h
i ∧ hj . (27)
The matrix Aij =
∫
M
ω0 ∧ h
i ∧ hj is skew-symmetric and even-dimensional
having imaginary eigenvalues only. Hence the finite-dimensional system (27)
preserves the norm of the vector c: |c|2t = c · ct = c · Ac = −Ac · c = 0, and
the harmonic perturbation γ˜ remains bounded. 
8. Conclusions
We have investigated the influence of a surface genus on the stability of
solutions to the surface Euler equations. First, it was shown that Euler flows
on a closed surface M are not destabilized by harmonic vectors. We also
proved that harmonic solutions are at most linearly unstable with the factor
proportional to the L2-norm of the vorticity of perturbation. The statement
holds despite the nonpositivity of sectional curvature in Dµ(M) and the
presence of hyperbolic stagnation points in the harmonic vector field. The
latter can be attributed to the compactness of the surface.
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